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Abstract. 

In the given paper we prove that every automorphism of a Chevalley group of type F4 over 
a commutative local ring with 1/2 is standard, i.e., it is a composition of ring and inner 
automorphisms. 



Introduction 

An associative commutative ring R with a unit is called local, if it contains exactly one 
maximal ideal (that coincides with the radical of R). Equivalently, the set of all non-invertible 
elements of R is an ideal. 

We describe automorphisms of Chevalley groups of type F4 over local rings with 1/2. Note 
that for the root system F4 there exists only one weight lattice, that is simultaneously universal 
and adjoint, therefore for every ring R there exists a unique Chevalley group of type F4, that is 
G{R) = Gad {F4, R). Over local rings universal Chevalley groups coincide with their elementary 
subgroups, consequently the Chevalley group G{R) is also an elementary Chevalley group. 

Theorem 1 for the root systems Ai,Di, and Ei was obtained by the author in [12], in [13] 
all automorphisms of Chevalley groups of given types over local rings with 1/2 were described. 
Theorem 1 for the root systems B2 and G2 is proved in [T5] . 

Similar results for Chevalley groups over fields were proved by R. Steinberg ^52j for the finite 
case and by J. Humphreys [37J for the infinite case. Many papers were devoted to descrip- 
tion of automorphisms of Chevalley groups over different commutative rings, we can mention 
here the papers of Borel-Tits ^U\, Carter-Chen Yu [17j, Chen Yu [18]-[22|, A. Klyachko [H]. 
E. Abe [1] proved that all automorphisms of Chevalley groups under Noetherian rings with 1/2 
are standard. 

The case Ai was completely studied by the papers of W.C. Waterhouse [65], V.M. Pe- 
techuk [IS], Fuan Li and Zunxian Li [ID], and also for rings without 1/2. The paper of 
I.Z. Golubchik and A.V. Mikhalev [21] covers the case Ci, that is not considered in the present 
paper. Automorphisms and isomorphisms of general linear groups over arbitrary associative 
rings were described by E.I. Zelmanov in ItTOj and by I.Z. Golubchik, A.V. Mikhalev in [32] . 

We generalize some methods of V.M. Petechuk [16] to prove Theorem 1. 

The author is thankful to N.A. Vavilov, A. A. Klyachko, A.V. Mikhalev for valuable advices, 
remarks and discussions. 



■^The work is supported by the Russian President grant MK-2530. 2008.1 and by the grant of Russian Fond 
of Basic Research 08-01-00693. 



1 



2 



1. Definitions and main theorems. 

We fix the root system $ of tlie type F4 (detailed texts about root systems and tlieir properties 
can be found in the books [M], [IS])- Let ei, 62, 63, 64 be an orthonorm basis of the space M^. 
Then we numerate the roots of as follows: 

«! = 62 - 63, ^2 = 63 - 64, 03 = 64, ^4 = ^(ei - 62 - 63 - 64) 

are simple roots; 



"5 




«1 + «2 = 62 - 64, 


tt6 


= 


"2 + "3 = 63, 


^7 


= 


"3 + "4 = -(ei - 62 - 63 + 64), 


"8 


= 


«! + 0:2 + 0:3 = 62, 


"9 


= 


"2 + "3 + «4 = ^(ei - 62 + 63 - 64), 


ttlO 


= 


6^2 + 2^3 = 63 + 64, 


an 


= 


«! + 0:2 + 03 + "4 = 77(61 + 62 - 63 - 64), 

I 


^12 




ai + a2 + 2^3 = 62 + 64, 


ai3 


= 


^2 + 2^3 + 04 = -(61 - 62 + 63 + 64), 


"14 


= 


«! + 2q;2 + 2^3 = 62 + 63, 


ai5 




\, 

ai + a2 + 2^3 + ^4 = -(61 + 62 - 63 + 64), 


«16 




^2 + 2^3 + 2^4 = 61 - 62, 


"17 




ax + 2q;2 + 2^3 + 0:4 = ^(ei + 62 + 63 - 64), 


ai8 




ai + 0:2 + 2^3 + 2^4 = 61 — 63, 


«19 




OLx + 2q;2 + 3^3 + ^4 = -(61 + 62 + 63 + 64), 


"20 




«! + 2q;2 + 2^3 + 20:4 = 61 — 64, 


"21 




a\ + 2a;2 + 803 + 2^4 = 61, 


"22 




«! + 2^2 + 4a3 + 2q;4 = 61 + 64, 


"23 




«! + 3q;2 + 4a3 + 20:4 = 61 + 63, 


"24 




1a\ + 3q;2 + 4a;3 + 2^4 = 61 + 62 



are other positive roots. 

Suppose now that we have a semisimple complex Lie algebra C of type F4 with Cartan sub- 
algebra 7i (detailed information about semisimple Lie algebras can be found in the book |38j). 
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Then in the algebra L we can choose a Chevalley basis {hi | z = 1, . . . , 4; Xq, | a G $} so that 
for every two elements of this basis their commutator is an integral linear combination of the 
elements of the same basis. 

Namely, 

1) [hi,h,] = 0; 

2) [/ijjXo,] = (ttj, q;)xq,, 

3) if « = riiai + ■ ■ ■ + n4a4, then [xa, X-a] = riihi + ■ ■ ■ + n^hi] 

4) if a + /? ^ $, then [x^, xp] = 0; 

5) if a + /3 e and a, P are roots of the same length, then [xa, X[^] = cxa+p', 

6) if a + /5 G $, a is a long root, /3 is a short root, then [xa, x^] = ax^+p + bXa+2/3- 

Take now an arbitrary local ring with 1/2 and construct an elementary adjoint Chevalley 
group of type F4 over this ring (see, for example pT]). For our convenience we briefly put here 
the construction. 

In the Chevalley basis of C all operators {xa)''/k\ for G N are written as integral (nilpotent) 
matrices. An integral matrix also can be considered as a matrix over an arbitrary commutative 
ring with l.Let R be such a ring. Consider matrices n x n over R, matrices {xa)'^ /k\ for a G 
/c G N are included in M„(i?). 

Now consider automorphisms of the free module i?" of the form 

exp(te^) = Xa{t) = l + tXa + t^{Xaf/2 + ■■■ + t^{Xaf/k\ + ... 

Since all matrices x^ are nilpotent, we have that this series is finite. Automorphisms XQ,(t) 
are called elementary root elements. The subgroup in Aut{R^), generated by all Xa{t), a G $, 
i G -R, is called an elementary adjoint Chevalley group (notation: Ead{^,R) = -Ead(-R))- 
In an elementary Chevalley group there are the following important elements: 

Wait) = Xait)X-a{-t^^)Xa(t), a G $, t G -R*; 

— ha{t) = Wa{t)Wa{iy^ . 

The action of Xait) on the Chevalley basis is described in [16j, |64j, we write it below (see 
Section 3). 

Over local rings for the root system F4 all Chevalley groups coincide with elementary adjoint 
Chevalley groups Ea,d{R), therefore we do not introduce Chevalley groups themselves in this 
paper. In this paper we denote our Chevalley groups by G{R), since they depend only of a 
ring R. 

We will work with two types of standard automorphisms of a Chevalley group G{R) and 
with one unusual, "temporary" type of automorphisms. 

Ring automorphisms. Let p : R ^ R he an automorphism of the ring R. The mapping 
X I— >• p{x) from G{R) onto itself is an automorphism of the group G{R), that is denoted by the 
same letter p and is called a ring automorphism of the group G{R). Note that for all a G $ 
and t G -R an element Xa(t) is mapped to Xa{p{t)). 

Inner automorphisms. Let g G G{R) be an element of a Chevalley group under consider- 
ation. Conjugation of the group G{R) with the element g is an automorphism of G{R), that is 
denoted by ig and is called an inner automorphism of G{R). 

These two types of automorphisms are called standard. There are central and graph auto- 
morphisms, which are also standard, but in our case (root system F4) they can not appear. 
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Therefore we say that an automorphism of the group G{R) is standard, if it is a composition 

of ring and inner automorphisms. 

Besides that, we need also to introduce temporarily one more type of automorphisms: 
Automorphisms— conjugations. Let be a representation space of the Chevalley group 

G{R), C G GL iy) be a matrix from the normalizer of G{R): 

CG{R)C-^ = G{R). 

Then the mapping x ^ GxG^^ from G{R) onto itself is an automorphism of the Chevalley 
group, which is denoted by i and is called an automorphism-conjugation of G{R), induced by 
the element G of the group GL (V). 

In Section 5 we will prove that in our case all automorphisms-conjugations are inner, but 
the first step is the proof of the following theorem: 

Theorem 1. Let G{R) be a Chevalley group of type F^, where R is a commutative local ring 
with 1/2. Then every automorphism of G{R) is a composition of a ring automorphism and an 
automorphism-conjugation. 

Sections 2-4 are devoted to the proof of Theorem 1. 



2. Changing the initial automorphism to a special isomorphism, images of w^. 

Since in the papers [12j and [13j the root system in there second sections was arbitrary, we 
can suppose all results of these sections to be proved also for our root system F4. 

Namely, by the fixed automorphism (f we can construct a mapping (f' = ig-i<f, which is an 
isomorphism of the group G{R) C GL„(_R) onto some subgroup of GL„(_R) with the property 
that its image under factorization Rhj J (the radical of R) coinsides with a ring automorphism 

P- 

Besides, from sections 2 of the same papers we know that the image of any involution (a 
matrix of order 2) under suah an isomorphism is conjugate to this involution in the group 
GL„(i?). 

These are the main facts that we need to know. 

The order of roots we have fixed in the previous section. 

The basis of the space V (52-dimensional) we numerate as Vi = x^^, f_j = x^a^, V\ = hi,. . . , 

V4 = /?,4. 
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Consider the matrices hai{—l), ■ ■ ■ , ha4^{—l) in our basis. They have the form 

K,{-1)= diag[l, 1,-1, -1,1, 1,1, 1,-1, -1,-1, -1,1, 1,-1, -1,-1, -1,-1, -1,-1,-1, 

-1,-1,-1,-1,1,1,-1,-1,-1,-1,1,1,-1,-1,1,1,1,1,1,1,1,1,-1,-1,-1,-1,1,1,1,1], 
ha,{-l) = diag [-1, -1, 1, 1, -1, -1, 1, 1, -1, -1, -1, -1, -1, -1, 1, 1, -1, -1, 1, 1, 1, 1, -L -1, 

1, 1, -1, -1, -1, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, -1, 1, 1, -1, -1, -1, -1, 1, 1, 1, 1, 1, 1], 
ha,{-l) = diag [1, 1, 1, 1, 1, 1, -1, -1, 1, 1, 1, 1, -1, -1, 1, 1, -1, -1, 1, 1, 

-1,-1,1,1,-1,-1,1,1,-1,-1,1,1,-1,-1,1,1,-1,-1,1,1,1,1,1,1,1,1,1,1,1,1,1,1], 
ha^{-l) = diag [1,1, 1,1, -1,-1, 1,1, 1,1, -1,-1, -1,-1, -1,-1, -1,-1, 1,1, 

- 1, -1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, -1, -1, 1, 1, -1, -1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1]. 

As we see, for all i we have /iQ.(— 1)^ — 1. 

We know that every matrix hi — (fi'{haX~^)) some basis is diagonal with ±1 on its diagonal, 
and the number of 1 and —1 coincides with their number for the matrix /iq^(— 1). Since all 
matrices hi commute, then there exists a basis, where all hi has the same form as 1) 
in the initial basis from weight vectors. Suppose that we came to this basis with the help of 
the matrix gi. Clear that gi e GL„(i?, J) ^ {X e GL„(i?) \ X - E e M„(J)}. Consider 
the mapping ipi = ig^'p'- It is also an isomorphism of the group G{R) onto some subgroup of 
GL„(i?) such that its image under factorization i? by J is p, and ipi{hai{—l)) — hai{—l) for 
alH = 1, . . . ,4. 

Instead of </?' we now consider the isomorphism (pi. 

Every element Wi — Wcn{l) moves by conjugation hi to each other, therefore its image has a 
block-monomial form. In particular, this image can be rewritten as a block-diagonal matrix, 
where the first block is 48 x 48, and the second is 4 x 4. 

Consider the first basis vector after the last basis change. Denote it by e. The Weil group 
W acts transitively on the set of roots of the same length, therefore for every root ctj of the 
same length as the first one, there exists such w^"^^ E W, that w^^^^ai = ai. Similarly, all 
roots of the second length are also conjugate under the action of W. Let ak be the first root 
of the length that is not equal to the length of ai, and let / be the k-th basis vector after the 
last basis change. If aj is a root conjugate to ak, then let us denote by W(^aj) an element of W 
such that W(^aj)Oik — Oij. Consider now the basis ei, . . . , 643, 649, . . . , 652, where Ci — e, Ck — f, 
for 1 < z ^ 48 cither Cj = </?i('w;^°'^)e, or Cj = Lpi{w(^ai))f (it depends of the length of ak); for 
48 < i ^ 52 we do not move Cj. Clear that the matrix of this basis change is equivalent to the 
unit modulo radical. Therefore the obtained set of vectors also is a basis. 

Clear that a matrix for ipi{wi) (i 1, . . . , 4) in the basis part {ci, . . . , e2„} coincides with the 
matrix for in the initial basis of weight vectors. Since hi{—l) are squares of Wi, then there 
images are not changed in the new basis. 

Besides, we know that every matrix (pi{wi) is block-diagonal up to decomposition of basis in 
the first 48 and last 4 elements. Therefore the last part of basis consisting of 4 elements, can 
be changed independently. 

Initially (in the basis of weight vectors) Wi in this basis part are 



6 



/-I 






1 
1 









y 



W2 : 



/I 
1 







-1 









V 



W3 : 



/I 








-1 







1 

V 



t(;4 



/I 







1 









-V 



We have the following conditions for these elements (on the given basis part): 

1) for all i wf = E; 

2) Wi and wj commute for |« — j| > 1; 

3) W1W2 and ^3^4 have order 3, W2W3 has order 2. 

Therefore the images (fii{wi) satisfy the same conditions. Besides, we know, that these images 
arc equivalent to the initial Wi modulo radical J. 

Let us make the basis change with the matrix, which is a product of (commuting with each 
other) matrices 



/I 



VO 



1/2 
1 









V 



/I 




Vo 





1 

1 







1 

2/ 



In this basis wi = diag [—1, 1, 1, 1], W3 = diag [1, 1, —1, 1], 



/1/2 


1/4 


-1/2 


-l/2\ 




/I 








\ 


1 


1/2 


1 


1 


, W4 = 





1 








-1 


1/2 





-1 





-1/2 


1/2 


3/2 


VO 








1 ) 




^0 


1/2 


1/2 


-1/2/ 



W2 = 



Consider now the images of (pi{wi) in the changed basis. All these images are involutions, 
and every of them has exactly one —1 in its diagonal form, also (fii{wi) and (fii{ws) commute. 
Hence we can choose such a basis (equivalent to the previous one modulo J), where (fii{wi) and 
(fi{w-i) have a diagonal form with one —1 on the corresponding places. 

Consider now where can move under this basis change. 

Since (pi{w4) commutes with (fi{wi), has order two and is equivalent to W4 modulo radical, 
we have 

/I 



vo 



(Pl{w4) = 




a 
d 



9 




b 
e 
h 



0\ 

c 

/ 
i 



Use the facts that </?i(w4)^ = E, (pi{w3W4) has order 3. Then we obtain 

ad + de + fg = 0, 
ad — de + fg = —d ' 

therefore 2de = d, and since d = 1/2 mod J, we have e = 1/2. Moreover, 

ag + dh + gi ~ 0, 
ag — dh + gi — g 
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consequently 2g{a + i) = g, i. e., a + i = 1/2. Make now a basis change with the matrix 

A \ 
10^ 

10 ■ 

\0 1 / 

This change does not move the elements (fi{wi) and (fi{w3), and (fii{w4) now has the form 

/l \ 

1 & c 
d 1/2 f 
\0 g h -1/2) 

Using the above conditions, we obtain the equation bg + eh + hi = 0, consequently bg = 0, i. e., 
b — 0. In this case from + bd + eg — 1 it follows e — 0. All other conditions gives the system 

fg = -3/2d, 
dh - -g/2, 
fh = -1/4. 

Clear that with a diagonal basis change (which does not move ipi{wi) and ipilw^)) we can come 
to a basis, where (pi{w4) has the same form as 104^ after the first our basis change. Making 
now the inverse basis change, wc obtain that (fi{wi), (fiiiw^) and (fi{w4) have the same form as 
wi,W3,W4, respectively. Look at (pi{w2)- 

Since (pi{w2) commutes with 931 (W4), we have 




h-2kj 

Since {h — 2kY = 1, we have h — 2k = 1. Now similarly to the consideration of Lpi^w^), we take 
the conditions for (fi{w2)- After suitable diagonal change we get (pi{wi) — Wi in the new last 
basis. 

Therefore we can now come from the isomorphism (fi under consideration to an isomorphism 
(f2 with all properties of (pi and such that (f 2(1^1) — Wi for alH = 1, . . . , 4. 
We suppose now that an isomorphism (fi2 with all these properties is given. 



(Pl{w2) = 



I a be 

d e f 

g i h 

\g/2 i/2 k 



3. Images of ^^^(l) and diagonal matrices. 
Let us write the matrices Wi, i — 1, . . . ,4: 

~t~ ^a3,a3 ~t~ ^— as,— as ~t~ ^04,04 ~t~ ^— o;4,— a4 ~t~ ^agjas ^— ctej^CKg ^Ois,cxQ ^—ag,— o;6~t~ 
^0:7,0:7 ~t~ ^— a7,— ar ^Qg,Qii ~1~ ^— ag,— an ^aii,Q;9 ^— an,— ag"!" 
"I" 6aio,ai2 ~l~ ^— Qio,— ai2 ^012,010 ^— ai2i— am ~l" fiai3,ai5 + ^— ai3,— ais 6ai5,ai3 ^— ais,— aia"!" 

+ eQ,j4,Q,j^4 + e-ai4,-ai4 + eQ,jg,Q,jj^ + G-aia.-ais ~ Cais.aig — e_Q,jg ^_Q,jg + 
^ai7,ai7 ~t~ ^— ai7,— ai7 ~1~ ^ai9,ai9 ^ ^— ai9,— aig ^" ^a2(),a2o ^— a2o 020 
^a2i,a2i ~l~ ^— 021,— a2i ^' CQ,22,a22 ^" 6_q.22,— a22 ^ ^^oL23,o:24 ~^ ^— 0:23,-0:24 

^a24,a23 ^— a24,— a23 ^h\,h\ "I" ^h\,h2 6/12, "I" ^hz,hz "I" ^hAjhi'i 



^2 6(^2,-02 a2,a2 "I" ^ai,a5 ~l~ 6— oi,— as ^a^,a\ + 

^a3,a6 ^— a3,— ae ~t~ ^a6,a3 ~t~ ^— ae,— as ~t~ ^a4,a4 ~t~ ^— a4,— a4~t~ 
~t~ ^a7,a9 ~t~ ^— a7,— ag ^a9,a7 ^— ag,— a7 ~t~ ^asjas ^— as,— as ^aio,aio ^— aio,— aio ^an ,aii ~t~ ^— an,— an ~t~ 



+ Cai2,ai4 


+ e- 


-ai2, 


— ai4 




— 6- 


-ai4. 


— ai2 


"1" 6ai3,ai3 


+ e- 


-ai3, 


— ai3 + 


+ Cai5,ai7 


+ e- 


-aiB, 


— ai7 




— 6- 


-ai7. 


— ai5 




+ e- 


-ai6. 


— ai6"l" 




+ e_ 


-aiS; 


— a2o 


^a2o,ais 


— e- 


-a2o, 


— ais 


"1" Caig,ai9 


+ e- 


-ai9. 


— ai9 + 


"l~ ^a2i,a2i 


+ e_ 


'021, 


—021 


~l" CQ;22,a23 


+ e_ 


-022: 


-a23 


^023,022 


— g- 


-023, 


—022 ~l~ 



"I" ^024,024 "I" 6— a24,— a24 ^h\,h\ ^h2,h\ 6/12, /i2 ^h2,hz "I" 6/13, /i3 "I" ^hijhi: 



a2,aio 



"I" C—Q, _ 



a2,— aio 



+ e. 



aio,a2 



aio,a2 



-03,-03 



-03,03 



+ e, 



05,012 



+ e_ 



■05,-012 



+ e, 



012,05 



+ e, 
+ e_ 



a4,a7 



+ e- 



-ai2,— 0:5 



■0:4,— ay 



-Oi7,-— a4 



+ 



-06,-06 



--08,08 



-OS, — OS 



+ 



-Q;i3 ,— 0:9 



- a 1 5 



-ai5,aii 



-ai5,— ail 



+ e. 



017,019 



+ e- 



■017,-019 



■-019,017 



-019,-017 



ais,ois 



+ e- 



■ois. 



-01S + 



020,022 



~t~ ^—020,-022 ^022,020 ^—022,-020 ^021,021 ^—021,-021 ^023,023 ^— 023 ,— 023 

"I" ^024, 024 "I" C_q;24,— a24 "I" ^hi,hi ~^ ^h2,h2 '^^hz,h2 ('hzjhz ~^ ^hz,hA "I" ^hi,hA'i 



+ ec 



^a3,a7 ^— as,— a7 ~t~ ^a7,a3 



■07,03 



- e, 



a4,— a4 



— 6- 



■a4 ,a4 



+ e, 



05,05 



■05,-06 



+ e, 



06,09 



+ e. 



OS ,011 



■OS,- on 



--on, OS 



e_, 



on,- OS 



010,016 



■06,-09 



— 



09,06 



— 6- 



■09,-06 



+ 



■010,-016 



+ e, 



016,010 



+ e. 



012, Ois 



012,— QlS 



ais,ai2 



ois,— 012 



■'013,013 



6 — 01^. — 



013,— 013 



--015,015 



-016,-010 
^ — 01 k: . — ( 



+ 



015,-015 



— e 



017,017 



^— 017,— 017 ^< 



■^014,020 



~t~ ^-014,-020 ^' 



--020,014 



"I" 6—020,— 014"l" 



+ e, 



Ol9,Q21 



+ e- 



■019,-021 



- e, 



021, Oig 



-021,— 019 



022,022 



-he- 



■022,— 022 



23i023 



+ e. 



■023>— 023 



+ 



"I" ^024,024 ~^ 6-024,-024 ~^ 6/ll,/ll "I" 6/l2,/l2 "I" ^hz,hz "I" ^hA,hz ^hi,h4- 
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Besides that, Xa^, (t) = E + tX^ + where 



~l~ Cai8,ai6 ^— CKie,— ai8 ^024, 0:23 ^— 023,— c«24) 



a;a3(t) = + + i2X|/2, where 



~l~ 6ai3,a9 6— ag,— ai3 ~l~ ^ai5,aii ^— an,— ais ~l~ ^ai9,ai7 ^—017,-019 

^0:12,08 2^^—085012 26q,2i,O20 ~^ 6— O20,~CK21 ^022,021 26_q,2i ^— 0-22 ' 

Wc arc interested in images of Xq,. (t). Let </72(a^ai(l)) = Xi = (t/i.j). Since Xi commutes with 
all hai{—l), i = 1,3,4, and also with -^3, W/^^ and then by direct calculus we obtain: 

1. The matrix xi can be decomposed into following eight diagonal blocks: 

Bl = {Vx, t"-!, Vl4, V-U, ^"-20, ^"22, ^"-22, ^2, V'3, V4}; 

B2 = {V2, V_2, V5, V_5, Vio, V-10, 1^16, ^^-16, ^18, ^^-18, ^^23, ^-23, ^24, ^^-24}; 

-B3 = {-^3,^^-3,^^21,^^-211; 

-B4 = {V4, V_4, Vi7, V_i7}; 

-B5 = {v6,V-6,'y8,t'-8}; 

B(i = {i;7,t'_7,t'i9,?;_i9}; 

Br = {vg,V^g,Vii,V-n}; 
Bs = {t'l3,t'-13,t'l5,^^-15}- 

2. On the block Bi the matrix xi has the form 





2/2 


-ys 


2/3 


-2/3 


2/3 


-2/3 


2/3 


-22/4 


2/4 








y5 


ye 


-yr 


2/7 


-2/7 


2/7 


-2/7 


yi 


-22/8 


2/8 








2/9 


yio 


yii 


2/12 


-2/13 


2/13 


-2/13 


2/13 


-22/14 + 22/15 


2/14 





-2/16 


-yg 


-yw 


yi2 


2/11 


2/13 


-2/13 


2/13 


-yi3 


22/14 - 22/15 


-yi4 + 22/15 





2/15 




yw 


-yvA 


2/13 


2/11 


2/12 


-2/13 


2/13 


2(-2/i4 + 2/15) 


2/14 


-2/15 


2/15 


-y9 


-yw 


yvA 


-2/13 


2/12 


2/11 


2/13 


-2/13 


2(2/14 - 2/15) 


-2/14 + 22/15 


-2/15 


2/15 


y9 


yio 


-yn 


2/13 


-2/13 


2/13 


2/11 


2/12 


2(-2/l4 +2/15) 


-2/14 + 22/15 


2/15 





-y9 


-yia 


2/13 


-2/13 


2/13 


-2/13 


2/12 


2/11 


2(2/14 - 2/15) 


-2/14 


yi5 





yi6 


yi7 


-2/18 


2/18 


-2/18 


2/18 


-2/18 


2/18 


2/19 - 22/20 


2/20 



































2/20 






































2/20 






































2/20 
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3. On the block B2 it is 





y2i 


y22 


-2/23 


-:'/24 


-2/25 


-2/26 


2/27 


2/28 


-2/25 


-2/26 


2/27 


2/28 


2/28 


;y27 


J/26 


2/25 






y2\) 




-:y3i 


-2/32 


-'2/25 


-2/33 


2/34 


2/35 


-'2/25 


-2/33 


2/34 


2/35 


2/35 


2/34 


2/33 


2/28 






y:v2 


2/31 


2/30 


2/29 


-2/35 


-2/34 


-2/33 


-2/25 


-2/35 


-2/34 


-2/33 


-2/25 


-2/25 


-2/33 


2/34 


2/35 






y24 


2/23 


2/22 


2/21 


-2/28 


-2/27 


-2/26 


-2/25 


-2/28 


-2/27 


-2/26 


-2/25 


-2/25 


-2/26 


2/27 


2/28 






-2/25 


—2/26 


2/27 


2/28 


2/21 


2/22 


—2/23 


-2/24 


-2/26 


—2/26 


2/27 


2/28 


2/28 


2/27 


2/26 


2/25 






-2/25 


-2/33 


2/34 


2/35 


2/29 


2/30 


-2/31 


-2/32 


-2/26 


-2/33 


2/34 


2/36 


2/35 


2/34 


2/33 


2/25 






-2/35 


-2/34 


—2/33 


-2/26 


2/32 


2/31 


2/30 


2/29 


-2/36 


-2/34 


—2/33 


-2/25 


-2/25 


—2/33 


2/34 


2/35 






-2/28 


-2/27 


-2/26 


-2/26 


2/24 


2/23 


2/22 


2/21 


-2/28 


-2/27 


-2/26 


-2/25 


-2/25 


-2/26 


2/27 


2/28 






-2/25 


-2/26 


2/27 


2/28 


-2/25 


-2/26 


2/27 


2/28 


2/21 


2/22 


-2/23 


-2/24 


2/28 


2/27 


2/26 


2/25 






-2/25 


-2/33 


2/34 


2/3r, 


-2/25 


-2/33 


2/34 


2/35 


2/29 


2/30 


-2/31 


-2/32 


2/35 


2/34 


2/33 


2/25 






-2/35 


-2/34 


-2/33 


-2/25 


-'2/35 


-'2/34 


-2/33 


-2/25 


2/32 


2/31 


2/30 


2/29 


-2/25 


-2/33 


2/34 


2/35 






-2/28 


-2/27 


-2/26 


-'i/25 


-'2/28 


-'2/27 


-'2/26 


-'2/25 


'2/24 


'2/23 


2/22 


'2/21 


-:y25 


-2/26 


2/27 


2/28 






—2/28 


-2/27 


—2/26 


-2/25 


-2/28 


-2/27 


-2/26 


-2/25 


-2/28 


-2/27 


—2/26 


-2/25 


2/21 


2/22 


—2/23 


-2/24 






-2/35 


-2/34 


—2/33 


-2/26 


-2/36 


-2/34 


—2/33 


-2/26 


-2/36 


-2/34 


—2/33 


-2/25 


2/29 


2/30 


-2/31 


—2/32 






2/25 


2/33 


-2/34 


-2/36 


2/25 


2/33 


-2/34 


-2/36 


2/26 


2/33 


-2/34 


-2/35 


2/32 


2/31 


2/30 


2/29 




v 


2/25 


2/26 


-2/27 


-2/28 


2/25 


2/26 


-2/27 


-2/28 


2/26 


2/26 


-2/27 


-2/28 


2/24 


2/23 


2/22 


2/21 





4. On the blocks S3, S4, it has the form 

1/36 1/37 1/38 y38\ 

y37 y36 y38 Z/38 

-y38 -2/38 2/36 2/37 

\-2/38 -2/38 2/37 2/36/ 

5. Finally, on the blocks ^5, S7, Eg it is 

/ 2/39 2/40 2/41 2/42\ 

2/43 2/44 2/45 2/46 

-2/46 -2/45 2/44 2/43 

\-2/42 -2/41 2/39 2/40/ 

Let now ip2{xa4,{l)) = 0:4 = (^^ij). Since 2:4 commutes with all ha^i—l), i = 1,2,4, and Wi, 
W2, and also for W13 we have Wi^x^w^^ = x^^ = /ia3(— 1)2:4 /lag (—1), then by direct calculation 
we obtain: 

1. The matrix can be decomposed into following eight diagonal blocks: 



B[ 


= {v4,V-4, Vi, V2, V3, V4}; 
















B'2 


= {vi,v_i,vu,v_i4,vn,v. 


-17; 


^20, 


V. 


-20 


V22, 


V. 


-22}; 


B's 


= {^^2, W-2,^^10, ^-10,^^13, 


-13; 


^16, 


V. 


-16 


V2i, 


V_ 


-24}; 


B', 


= {t;5, ^^-5, ^12,^^-12, ^^15,^- 


-15, 


^^18, 


V. 


-18 


V23: 


V. 


-23}; 


B', 


















B', 


= {vo^, '/;_3, t'7, t'-r}; 
















B'r 


= {t;8,t;-8,t^ii,t^-ii}; 
















B's 


= {Vi9,'U_i9,'t;2i,V_2l}. 
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2. On the first block the matrix has the form 





Z2 








Z3 


-2zs \ 




Z5 








Zq 


-2ze 








Z7 








































Z7 







Zg 








ZlO 


Z7 - 2zio/ 



3. On the second, third and fourth blocks it is 



/ ^11 


Z12 


-Zl3 




Zl5 


Zl5 


Zl4 


Zl3 


—Zl6 


zie \ 




Zll 


Z\3 


zu 


— Z\^ 


—Zl5 


-Zu 


-Zi3 


Z\% 


— ZlQ 


-Zl7 


Z\7 


^18 


Zl9 


Z20 


Z2I 


Z22 


Z23 


zn 


-Zl7 


Z24 


—Z2A 


^25 


Z2e 


Z27 


Z28 


Z29 


^30 


—Z24 


Z24 


-Z31 


Z3I 


Z32 


Z33 


Z34 


Z35 


Z36 


Z37 


Z31 


-Z31 


-Z31 


Z3I 


~Z37 


~Z36 


^35 


Z34 


— Z33 


—Z32 


Z31 


-Z31 


—Z24 


Z24 


^30 


Z29 


—Z2% 


—Z27 


Z26 


Z25 


Z24 


— Z24 


Zl7 


-Zi7 


Z23 


Z22 


-Z2I 


—Z20 


Zl9 


Z18 


-Zi7 


Zl7 


— ZlQ 


ZlG 


Zl3 




—Zl5 


—Zl5 


— Zu 


-Zl3 


Zu 


Z12 


\ Zi6 


—Zie 


-Zl3 


—Zu 


Zl5 


Zl5 


Zu 


Z\3 


Z12 


Zu / 



4. On all other blocks X4 has the form 

^ -2^38 -2^39 Z40 Z4i^ 

Z42 Z43 Z44 Z45 

—Z45 —Z44 Z42 

\~^41 —Z40 Z-^g 2:38 J 

Therefore, we have 85 variables yi, . . . , 1/40, zi, . . . , Z45, where yi, ye, yu, I/20, 2/21, 2/30, 2/32, 2/36, 
2/39, 2/44, zi, Z5, Z7, Zn, zis, Z26, Z28, Z30, ^38, ^34, ^43, Z45 are 1 modulo radical, y2, 2/4, 2/i7, 2/46, 
Z2, Z3, Z9 are —1 modulo radical, 2:32 is —2 modulo radical, all other variables are from radical. 

We apply step by step four basis changes, commuting with each other and with all matrices 
Wi. These changes are represented by matrices Ci, C2, C3, C4. Matrices Ci and C2 are block- 
diagonal, where first 24 blocks have the size 2x2, the last block is 4 x 4. On all 2 x 2 blocks, 
corresponding to short roots, the matrix Ci is unit, on all 2 x 2 blocks, corresponding to long 
roots, it is 

f 1 -yi6/yi7\ 
V-2/16/2/17 1 J ■ 

On the last block it is unit. 

Similarly, C2 is unit on the blocks corresponding to long roots, and on the last block. On 
the blocks corresponding to the short roots, it is 

/ 1 -Zs/Z9\ 
y-Zs/zg 1 J ' 

Matrices C3 and C4 are diagonal, identical on the last 4x4 block, the matrix C3 is identical on 
all places, corresponding to short root, and scalar with multiplier a on all places corresponding 
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to long roots. In the contrary, the matrix C4, is identical on all places, corresponding to long 
roots, and is scalar with multiplier b on all places, corresponding to short roots. 

Since all these four matrices commutes with all Wj, i = 1, 2, 3, 4, then after basis change with 
any of these matrices all conditions for elements xi and still hold. 

At the beginning we apply basis changes with the matrices Ci and C2. After that new yiQ 
in the matrix xi and zs in the matrix X4 are equal to zero (for the convenience of notations we 
do not change names of variables). Then we choose a — —l/yn (it is new yir) and apply the 
third basis change. After it in the matrix xi becomes to be —1. Clear that yiQ is still zero. 

Finally, apply the last basis change with b = —1/zg (where zg is the last one, obtained after 
all previous changes). We have that l/ie, I/17, -^s are not changed, and Zg is now —1. 

Now we can suppose that yiQ = 0, y^ = —1, Zg = 0,zg = —1, we have now just 81 variables. 

Prom the fact that Xi and x^ commute (Cond. 1), it directly follows 2/37 = yss — 0, yse — ^20- 
From the condition ha,2{~l)xiha2{—'i-)xl — E (Cond. 2, its position (52,52)) follows that 
|/|q = 1, consequently 1/20 = 1- 

From the condition W2XiW2^xi = xiW2{l)xiW2{iy^ (Cond. 3, the position (50, 10)) it follows 
^21 = 1, from its position (49, 10) it follows yig — 0. 

The condition W2W3W2XiW2^ws{l)w2^xi — xiW2WsW2XiW2^w^^W2^ (Cond. 4, the position 
(51,52)) implies 1/15 = 0. 

Again from Cond. 3 (the position (18, 13)) we have |/46(|/45 + 1/42) = 0, whence 1/45 = —1/42. 
Prom Cond. 2 (the positions (11, 12) and (12, 11)) we obtain 1/40(1/39 + I/44) = and 1/43(1/39 + 
^44) = 0, therefore y^o — ^43 = 0. After that in the same condition the position (12, 16) gives 
1/44 = 1/39. The position (12, 16) of Cond. 3 now gives us ymivm — 1) = ^ ^39 = 1. 

In the condition ha.j^{—\)x4^ha.j,{—l)xi = E (Cond. 5) the position (8,7) gives Z4^ = 0, the 
position (7, 7) gives zi = 1; (51, 51) gives Z7 = 1; 

In the condition w^x^x^^x^ — X4W3X4X^^ (Cond. 6) the position (51, 5) gives 2:41 = 0, the 
position (51, 6) gives 2:40 = 0, the position (52, 7) gives 2^39 = 0, the position (51, 8) gives 2^10 = 0, 
the position (52, 8) gives 2:38 = 1. 

Again from Cond. 5 (positions (52,52), (52,8), (7,8)) we obtain zq = 0, z^ = 1, 2:2 = 2:3. 

Returning to Cond. 6, from (13,51) we have 2:43 = 1, from (5,51) we have 2:44 = 0, from 
(5, 14) we have 2:42 = 0, from (12, 17) we have Z35 = 0, from (12, 18) we have 2^34 = 1, from 
(12, 19) — 2^37 = —2:31, from (12, 20) — 2^36 = 2:31, from (9, 15) — 2:20 = —Z15, and from (10, 15) 
2:27 = 2:15. 

The position (11,22) of Cond. 1 now gives us 1/42 = 0, and the position (11, 11) of Cond. 2 
gives y4i = 0. 

Considering xi+2 = ¥^2 (•'^0:1+02(1)) = W2XiUJ2^, X2 = </?(xq2(1)) = WiXi+2^yi and Cond. 7: 
X1X2 — a;i+2a^2a^i (the position (6, 16)), we obtain y^Q = —1. 

Similarly, considering 0:3+4 = (p2{xa3+a4{'^)) = WsXaW^^, x^ = ip{xa3{l)) = w^x^^+^w^;^, 
and Cond. 8: a;3a;4 = X3+4X4X3 (applying positions (51,14), (13,52), (12,11), (29,9), (15,35), 
(15, 36), (16, 36), (12, 19), (12, 20), (11, 25), (12, 26), (10, 30), (47, 11), (1, 2), (1, 1), (4, 4), (3, 4), 
(3,18), (3,17), (4,17), (4,3), (3,3), (18,3)), we obtain z,^ = 1, ^3 = -1, Z31 = 0, ^32 = -2, 

2^14 = 0, 2:13 = 0, 2:30 = 1, 2:25 = 0, 2:26 = 1, ^15 = 0, 2:28 = 1, Z24 = 0, ZiQ = 0, Zi2 = 0, 2:11 = 1, 

Zi7 = 0, 2:19 = 0, Z21 = 0, Z22 = 0, 2:29 = 0, 2:23 = 0, 2;i8 = 1, 2:33 = 0, respectively. 
Therefore we obtain that X4 — ^^^(l). 
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Directly from the first condition we now have = Vr = ^27 = I/25 = I/34 = I/26 = I/33 = I/28 = 

1/35 = 1/22 = 2/24 = 2/29 = 2/31 = 2/l2 = 2/l3 = 2/9 = 2/lO = 2/23 = 2/l8 = 2/l4 = 0, 2/30 = 2/32 = 2/ll = 1- 

Finally, from Cond. 3 we get — 0, ye — 1, yi — 1, ys — 0, — —1, from Cond. 2 we get 
2/2 = -1- 

Now Xi = Xq,^(1), it is what we needed. 

Since all long (and all short) roots are conjugate under the action of Weil group, it means 
that (p2{xa{l)) = Xa{l) for all a e 

Consider now the matrix dt — ^2{hai{t))- 

Lemma 1. The matrix dt is ha^{s) for some s E R* . 

Proof. Since the matrix dt commutes with ha{—l) for all a e then dt is decomposed to the 
following diagonal blocks: 





= {vi,V-l,Vu,V-U, 


■J^20,'J^-20,'J^22,'J^- 


-22}, 




= {^;2,^^-2,^^10,^^-10, 


ViQ,V^lQ,V2A,V^ 


-24}, 


Ds 


= {^;3,^;_3}, D4^ 






D5 


= {^;5,^;_5,^;i2,^;-i2, 


Vi^,V-i^,V2Z,V- 


-23}, 


De 


^{v6,V_g}, D-j^ 






Ds 


= {^8,^^-8}, -Dg = 


{^^9,1^-9}, 




Dio 


= {vii,v_ii}, -Dii 


= {vi3,'i;_i3}. 




D12 


= {vi5,v_i5}, r>i3 






Du 


= {Vl9,t;_19}, Dis 


= {^^21,-^-21}, 




Die 


= {K,^2,^3,^4}. 







Using the fact that dt commutes with wi, W2, W13 and xi, we obtain that on the blocks 
L>i, L>2, D5 the matrix dt has the form 



fh 

























h 


























^8 





t9 




















^10 





til 














ill 





tio 

























ts 


























h + 2ti3 





\o 




















tj 



on the blocks D3, Dq, Ds, Du it is diag [t2, ^3]; on the blocks D7, Dg, Diq, D15 it is diag [^3, t2\, 
on the block D4 it is 
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on the blocks Du, D12, D13 it has the form diag [ti2, ^12]; and on the last block it is 

/ti \ 

ti 

h 

\0 ti3 h-2ti3j 

Using the condition w^dtw^^dt = E, we obtain: from the position (1, 1) it follows — 1, 
consequently ti = 1, from (52,52) it follows (1 — 2^13)^ = 1, therefore tis = 0; (5,5) implies 
^3 = l/t2', (7,8) imphes ti{t5 +tQ) = 0, whence = —t^, from (24,36) we have ^3(^9 + ^11) — 0, 
therefore tu = —tg] from (26, 26) we have = ^, and then ti2 = I. 

Now consider the condition wsdtw^^ = dtw^w^dtw^^w^^ . Its position (13, 14) gives = 0, 
the position (5,5) gives ^4 = l/i|, (6,6) gives — (3,19) gives tg — 0; (19,19) gives 
^10 = IAs- 

Finally, introduce Lp2{ha3it)) = w^w^dtw^^w^^, ip2{K^{t)) = W2ip2{ha;{t))w2^ , V'2(Vo(^)) = 
ip2{hae{t))ip2{ha3{t)). Since 932(/iaio(^)) commutes with Xagi^), we obtain (the position (9,6)) 
that ^8 = ^2- 

Therefore, (p2{ha4{t)) — /iQ4(l/i2), and the lemma is proved. □ 
Clear, that this lemma holds also for images of all ha{t), a e 

4. Images of Xa^it), proof of Theorem 1. 

We have shown that (p2{ha(t)) = ha{s), a G Denote the mapping t s hj p : R* ^ R*. 
Note that for t e R* Lp2{xi{t)) = ip2{ha2{t~'^)xi{l)ha^{t)) = ha2{s'^)xi{l)ha,,is) = xi{s). If 
t ^ R*, then t e J, i.e., t ^ 1 + ti, where ti e R*. Then (p2{xi{t)) = (p2{xi{l)xi{ti)) = 
xi{l)xi{p{ti)) — xi{l + p{ti)). Therefore if we extend the mapping p to the whole R (by the 
formula p{t) := 1 + p{t — 1), t G i?), we obtain Lp2{xi{t)) = Xi{p{t)) for all t E R. Clear that 
p is injective, additive, and also multiplicative on all invertible elements. Since every element 
of is a sum of two invertible elements, we have that p is an isomorphism from the ring R 
onto some its subring R' . Note that in this situation CG{R)C~^ — G{R') for some matrix 
C G GL (V). Let us show that R' = R. 

Denote matrix units by Ey. 

Lemma 2. The Chevalley group G{R) generates the matrix ring Mn{R). 

Proof. The matrix [xa^ (1) — 1)^ has a unique nonzero element — 2-£^i2. Multiplying it to suitable 
diagonal matrices, we can obtain an arbitrary matrix of the form A • E12 (since —2 G R* and 
R* generates R). Since the Weil group acts transitively on all roots of the same length, i.e., for 
every long root there exists such w G W , that w{ai) = a^, and then the matrix XE12 -w has 
the form XEi 2k, and the matrix ■ XE12 has the form A£^2fe-i,2- Besides, with the help of the 
Weil group element, moving the first root to the opposite one, we can get the matrix unit -£'2,1. 
Taking now different combinations of the obtained elements, we can get an arbitrary element 
XEij, 1 ^i,j ^ 48, indices i,j correspond to the numbers of long roots. 

The matrix {xa, (1) - if is -2£;7,8 + 2£;2o,32 + 2^24,36 + 2^28,4o + 2^31,19 + 2^35,23 + 2^39,27- All 
matrix units in this sum, except the first one, are already obtained, therefore we can subtract 
them and get £'7,8. Similarly to the longs roots, using the fact that all short roots are also 
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conjugate under the action of the Weil groups, we obtain all XEij, 1 ^ z,j ^ 48, indices i,j 
correspond to the short roots. 

Now subtract from the matrix — 1 suitable matrix units and obtain the matrix -^49,2 ~ 

2£'i^49 + -El, 50- Multiplying it (from the right side) to i?2,i, 1 ^ "i ^ 48, where i corresponds to 
a long root, we obtain all -^49,1, 1 ^ i ^ 48 for i corresponding to the long roots. Multiplying 
these last elements from the left side to W2, we obtain -^50,4, 1 ^ i ^ 48 for i, corresponding to 
the long roots; then by multiplying them from the left side to we obtain all -£^51,4, 1 ^ i ^ 48 
for i, corresponding to the long roots, and, similarly, -^52,1. Therefore, now we have all Eij, 
49 ^ i ^ 52, 1 ^ j ^ 52, where j correspond to the long roots. 

Then A = 1/8(V(-1) + E) . . . + E) = ^49,49 + ^50,50 + ^51,51 + ^52,52, B = 

A{wi + ■■■ + W4)A + 2A = ^49,50 + ^50,49 + ^50,51 + 2^51,50 + ^51,52 + ^52,51, C = - A = 

-E'49,51 + 2-^50,50 + -E'50,52 + 2-^51,49 + 2i?5i,5i + 2^52,59, — B'^ = 2E^2,bo- So we have -E'52,50 and 
then all -Ejj, 48 < i,j ^ 52, therefore all Eij, 1 ^ 48, 48 < j ^ 52, where i corresponds to 
the long roots. 

Then, taking the matrix Xq,^ (t) and multiplying it from the left and right side to some suitable 
matrix units Ei^i, we can obtain Eij, where i corresponds to the long root, j corresponds to 
the short one. After that it becomes clear, how to get all matrix units Eij, 1 ^ i, j ^ 48 with 
the help of the Weil group. Finally, as above, we can obtain all Eij, 1 ^ i ^ 48, 48 < j ^ 52, 
where i correspond to the short roots, and so all matrix units. 

□ 

Lemma 3. If for some C G GL„(i?) we have CG{R)C^^ = G{R'), where R' is a subring of R, 
then R' = R. 

Proof. Suppose that R' is a proper subring of R. 

Then CMn{R)G~^ = Mn{R'), since the group G{R) generates the whole ring Mn{R) (the pre- 
vious lemma), and the group G{R') = GG{R)G~^ generated the ring Mn{R'). It is impossible, 
since C G GL „(/?). □ 

Proof of Theorem 1. We have just proved that p is an automorphism of the ring R. Conse- 
quently, the composition of the initial automorphism ip and some basis change with a matrix 
C G GL„(i?), (mapping G{R) into itself) is a ring automorphism p. It proves Theorem 1. □ 

5. Theorem about normalizers and Main Theorem 

To prove the main theorem of this paper (see Theorem [3] in the end of this section), we need 
to obtain the following important fact (that has proper interest): 

Theorem 2. Every automorphism-conjugation of a Chevalley group G{R) of type E4 over a 
local ring R with 1/2 is an inner automorphism. 

Proof. Suppose that we have some matrix G = (cij) G GL52(-R) such that 

G-G-G-^ = G. 

If J is the radical of R, then Mn{J) is the radical in the matrix ring Mn{R), therefore 

G-Mn{J)-G'' = MniJ), 
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consequently, 



C-{E + Mn{J)) ■C-^ = E + Mn{J), 

i.e., 

C-G{R, J)-C-^ = G{R, J), 

since G{R, J) = G n{E + Mn{J)). 

Thus, the image G of the matrix C under factorization Rhj J gives us an automorphism- 
conjugation of the Chevalley group G{k), where k = R/J is a residue field of R. 

But over a field every automorphism-conjugation of a Chevalley group of type F4 is inner 
(see [51]), therefore a conjugation by G (denote it by is 

where g G G{k). 

Since over a field our Chevalley group (of type F4) coincides with its elementary subgroup, 
every its element is a product of some set of unipotents Xa{t)) and the matrix g can be decom- 
posed into a product Xa,^ (Yi) . . . Xi^iY^), Yi, . . . ,Yn E k. 

Since every element Yi, . . . , Yn is a residue class in R, we can choose (arbitrarily) elements 
yi E Yi, . . . , i/N E Yat, and the element 

satisfies g' G G{R) and g' = g. 

Consider the matrix G' = g'^^ od^^oG . This matrix also normalizes the group G{R), and also 
G' = E. Therefore, from the description of the normalizer of G{R) we come to the description 
of all matrices from this normalizer equivalent to the unit matrix modulo J. 

Therefore we can suppose that our initial matrix G is equivalent to the unit modulo J. 

Our aim is to show that G G XG{R). 

Firstly we prove one technical lemma that we will need later. 

Lemma 4. Let X = Xta^iSl) . . .tai{s4)Xai{tl) . . . Xa24{t2A)X-ai{Ul) ■ ■ ■ X-a24,{u2A) G XG{R,J). 

Then the matrix X has such 53 coefficients {precisely described in the proof of lemma), that 
uniquely define all Si, . . . , S4, ti, . . . , t24, Ui, • • • , ^24? X. 
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Proof. Consider the sequence of roots: 



7i 



Oil, 



77 



7ii 



7io 



79 



78 



76 



72 



75 



74 



73 



0:5 = «1 + 0:2, 

ctg = Oil + q;2 + 0:3, 

q;i2 = Oil + 0:2 + 2q;3, 

Q;i5 = «! + q;2 + 2q;3 + a^, 

an — ai + I0L2 + 2q;3 + q;4, 

CKig = CKi + 2q;2 + 3q;3 + q;4, 

OLi\ — OL\-\- I0L2 + 3q;3 + 2q;4, 

q;22 = ai + 2q;2 + 4q;3 + 2q;4, 

• Q;23 = Oil + 3q;2 + 4q;3 + 2q;4, 

• CK24 = 2q;i + 80:2 + 4q;3 + 20:4. 



All roots of F4, except q;i4 and aig, are differences between two distinct roots of this sequence 
(or its member). 

Besides, 71 is a simple root, 711 is a maximal root of the system, every root of the sequence 
is obtained from the previous one by adding some simple root. 
Consider in the matrix X some place (/i, z/), /i, z/ G 

To find an element on this position we need to define all sequences of roots 
satisfying the following properties: 

1. /X + A e $, /X + /3i + /32 e . . . , + A + • • • + A e ^, ■ ■ ■ , )W + A + • • • + = i^- 

2. In the initial numerated sequence cci, . . . , 0:24, — cti, . . . , — q;24 the roots . . . , a-re re- 
placed strictly from right to left. 

Finally in the matrix X on the position (/x, v) there is the sum of all products ±/?i ■ (32 ■ ■ ■ Pp 

by all sequences with these two properties, multiplying to = Asj"^'^^ . . . 54"*''^^ li /j, — u, we 
must add 1 to the sum. 

We will find the obtained elements Si, . . . , S4, ti, . . . , tm, Ui, . . . ,Um step by step. 

Firstly we consider in the matrix X the position (—711, —711)- We can not add to the root 
—711 any negative root to obtain a root in the result. If in a sequence (3i, . . . , (3p the first root 
is positive, then all other roots must be positive. Thus, this position contains an element 1- d^- 
So we know d_-y^^. By the previous arguments if we consider the position (—711,-710), the 
suitable sequence is only ai = 711 — 710. Since there is d^^^^ti on this position and we already 
know (i_-yii, we can find ti on the position (— q;24, -^23)- Considering the positions (—710, —710) 
and (—710, —711), we see that by similar reasons there are d^^^^^il ± uiti) and id.-y^giti there. 
So we find and Ui. 

Now we come to the second step. As we have written above, in the matrix X on the position 
(~7io, ~79) there is ^.^-^£,(±^2 ±^1^5); on the position (—79, —710) there is (i_^g(±ti2 itisti); on 
the position (—711, —79) there is id.^^^ts (the second summand is absent, since a\ is staying 
earlier than a2)\ on the position (—79, —711) there is d_-yg(±U5 ± U2U1)] finally, on the position 
(~79, ~79) there is d--y^{l + ±145^5 ± W2^2)- From the position (—711, —79) we find ts, then 
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from the position (—710, —79) we find t2, and from other three positions together we can know 
U2, U5, d_^g. Therefore, now we know ti, t2, Ui, U2, U5 

On the third step we consider the positions (—79, —78) with d-jQ{±t3±U2tQ±U5ts) , (—78, —79) 
with d-^^{±U3±t2UG±t5Us), (-710,-73) with d-^^o{±te±uits), (-78,-710) with d-^g{±U6± 

± tiUs), (-711, -73) with d^^^^{±ts ± tgtg), (-73, -711) with d_^g(±M8 ± =b Me^i), 

and (—78, -73) with d-^g{l ± ^3^3 ± u^t^ ± ugts ± ust^t^). From these seven equations with 
seven unknown variables (all of them from radical) we can find all variables t3,U3,te,UQ,ts,us 
and d-^g. 

Similarly on the next step we consider the positions (—78,-77), (-77,-78), (—79,-77), 
(-77, -79), (-710, -77), (-77, -710), (-711, -77), (-77, -711), and (-77, -77), and find U, u^, 

h: tg, Ug, tu, Un, d^^^. 

Now we know d^^^, d^^g, d^^g, d^^^^ and i.e., AS4/S3, A/S4, XS2/S3, Xsi/s2 and X/si. 

So wc know all Sj, i = 1, . . . , 4, A, and, consequently, all d_^^. 

Suppose now that we know all elements t^, Uj for all indices corresponding to the roots of the 
form 7p - jq, 11 ^ p,q > s. Consider the positions (-711,-75), (-7*, -711), (-710, -7s), 
(-7s, -710), (-7s+i,-7s), (-7s,-7s+i) in the matrix X. Clear that on every place 
(— 7i, —7s), 1 ^ i > s, there is sum of tp, where p is a number of the root 7i — 7^ (if it is 
a root), and products of different elements ta, Ub, where only one member of the product is not 
known yet, all other elements are known and lie in radical; and all this sum is multiplying to 
the known element d_^^. The same situation is on the positions (— 7s, — 7j), 1 ^ i > s, but there 
is not tp, but Up without multipliers here. Therefore, we have exactly the same number of (not 
uniform) linear equations as the number of roots of the form ±(7^ —7s), with the same number 
of variables, in every equation exactly on variable has invcrtiblc coefficient, other coefficients 
are from radical, for distinct equations such variables are different. Clear that such a system 
has the solution, and it is unique. Consequently, we have made the induction step and now we 
know elements ti, Uj for all indices, corresponding to the roots 73, — 7^, 11 ^ p,q ^ s. 

On the last step we know elements ti,Uj for all indices, corresponding to the roots 7p — 
7q, 11 ^ p,q ^ 1. Consider now in X the positions (— 7ii, /i7ii), (/i-yi^, — 711), (—710,^710), 
{hyj^Q, —710), • • • , (—71, ^71), (^71, ^7i)- Similarly to the previous arguments we can find all t 
and u, corresponding to the roots ±71, . . . , ±7^. 

We have not found yet the obtained coefficients for two pairs of roots: ±au and iaig. Note 
that au + Oils = «24- 

Consider in X the positions (— q;24, — c^h), {—0^14,-0:24), (— ^24, — ai8), (— Q;i8, — ct24)- On 
these positions there are sums of tis (respectively, iti8, tu, uu), and products of elements ti, uj, 
corresponding to roots of smaller heights. Since for all heights smaller than the height of au, 
we know t, u, then we can directly find the obtained coefficients. 

Therefore, lemma is completely proved. □ 

Now return to our main proof. Recall that we work with a matrix C, equivalent to the unit 
matrix modulo radical, and normalizing Chevalley group G{R). 
For every root a e $ we have 



(1) 



CXa{l)C-' = Xa{l) ■ 9a, 9a £ G{R, J). 
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Every G G{R, J) can be decomposed into a product 



(2) 



(C24), 



where ai, . . . , 04, 61, . . . , 624, Ci, . . . , C24 G J (see, for example, [2]). 

Let C = -E + X = £' + (xij). Then for every root a G $ we can write a matrix equation ([1]) 
with variables Xij, ai, . . . , 04, 61, . . . , 624, ci, . . . , C24, every of them is from radical. 

Let us change these equations. We consider the matrix C and "imagine", that it is some 
matrix from Lemma H] (i. e., it is from XG{R)). Then by some its concrete 53 positions we can 
"define" all coefficients A, Si, . . . , S4, ti, . . . , ^24, Ui, . . . , U24, in the decomposition of this matrix 
from Lemma m In the result we obtain a matrix D G XG{R), every matrix coefficient in it is 
some (known) function of coefficients of C. Change now the equations ([T]) to the equations 



We again have matrix equations, but with variables i/ij, a[, . . . , a'^, b[, . . . , b24^, c[, . . . , C24, every 
of them still is from radical, and also every i/p g is some known function of (all) Xij. The matrix 
D-^C will be denoted by C. 

We want to show that a solution exists only for all variables with primes equal to zero. Some 
Xij also will equal to zero, and other are reduced in the equations. Since the equations are very 
complicated we will consider the linearized system. It is sufficient to show that all variables 
from the linearized system (let it be the system of q variables) are members of some system 
from q linear equations with invertible in R determinant. 

In other words, from the matrix equalities we will show that all variables from them are equal 
to zeros. 

Clear that linearizing the product Y^^{E + X) we obtain some matrix E + (zij), with all 
positions described in Lemma H] equal to zero. 

To find the final form of the linearized system, we write it as follows: 



{E + Z)x^{\) = x„(l)(E + aiTi + al ...)... {E + a^Ti + al. . .)■ 

■ {E + brX^, + b\Xlj2) ...{E + C24X_„,, + cl,Xl^j2){E + Z), 



where Xa is a corresponding Lie algebra element in the adjoint representation, the matrix 
Tj is diagonal, has on its diagonal {ai,ak on the place corresponding to Vk, on the places 
corresponding to the vectors Vj, this matrix has zeros. 
Then the linearized system has the form 



(3) 



D-'Cx^{l)C-'D = Xa{l) ■ 9a', 9a' G G{R, J). 



ZXa{l) - Xa{l){Z + aiTi H h 04^4 + biXai H h 024-^024) = 0- 



This equation can be written for every a G $ (naturally, with another aj,bj,Cj), and can be 
written only for generating roots: for ai, . . . , 04, — ai, . . . , —a^. 
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'Zxai(l) - + ai^iTi H h 04,1X4+ 

&l,l-^ai + &2, 1-^02 + ■ ■ ■ + ^24,1-^024 + Cl,lX_Q,^ + ■ ■ ■ + £24,1-^-024) = 0) 

Zxa4(l) - + 01,4X1 H h 04,4X4+ 

&l,4-^ai + ■ ■ ■ + -^a24^24,l-^a24 + Cl,4-^-ai + " " " + £24,4-^-024) — 0) 

< . . . 

ZX-ai (1) - ^-Qi (1) + 01,5^1 H h 04,5^4+ 

+&l,5-^ai + ■ ■ ■ + &24,5Xa24 + Cl,5-^-ai + " " " + £24,6-^-05) = 0; 

- X_a4(l)(Z + ai,8Ti H h 04,3X4+ 

+&l,8-^ai + ■ ■ ■ + &24,8-^a24 + Ci,8-^-ai + " " " + 024,8-^-0:24) = 0- 

The matrix Ti is 

diag [2, -2, -1, 1, 0, 0, 0, 0, 1, -1, -1, 1, 0, 0, 1, -1, -1, 1, -1, 1, 1, -1, 

1, -1,-1,1,0,0,1,-1,-1,1,0,0,1,-1,0,0,0,0,0,0,0,0,-1,1,1,-1,0,0,0,0]; 

T2 is WiW2TiW2^Wi^; T3 is 

diag [0, 0, -2, 2, 2, -2, -1, 1, -2, 2, 0, 0, 1, -1, 0, 0, -1, 1, 2, -2, -1, 1, 

2, -2, 1, -1, 0, 0, 1, -1, 0, 0, -1, 1, 0, 0, 1, -1, -2, 2, 0, 0, 2, -2, 0, 0, 0, 0, 0, 0, 0, 0]; 

the matrix T4 is w^WiT^w^^w^^ . 

The matrices Xa^, Xa^ were written above. Besides them, X^ai = wiXa^Wi^ , X^as = 
wsXa^w^^ . Other matrices Xa are obtained as follows: X±a5 = ui2X±aj^W2^, -^±«2 = wiX±a^Wi 

-'^itaio = 'W3X±a2'^3^j -^±0:12 = "W^l-^iaio'^l ) -^±ai4 = '^2-^±ai2'"^2 -^±ai6 = W^X^aw'^i'^ : 
X±a-i_s = UliX±aia''^l , -^±020 = 'W^2-^±q:i8^2 5 -^±022 = U)3X±a2o'^3 5 -^±^23 = W;2-^±a22^2 5 
-^±024 = ^1-'^±023'"^1 5 -^±07 = 'W^4-^±a3W^4 ? -^±0:4 = 'W^3-^±a7'"^3 5 -^±«6 = 'W^2-^±a3'W^2 5 ^±«8 = 
WlX±Q,gWi , X±Q,g = WiX^aeWA, , X±a-i_i = 'WiX±a,jWi , -^±^13 = WsX±agW^ , -^ia^g = 
WlXia^gW^ , X±Q,j>, = W2X±ai5'W2 , X±aig = WsX-i-anW^ , -'^±0-21 = 'U^4-^±ai9W4 . 

From Lemma m we obtain that the following positions of Z are zeros: (48,48), (48,46), 
(46,46), (46,48), (46,44), (44,44), (44,46), (44,42), (42,42), (42,44), (42,38), (38,38), (38,42), 
(48,44), (44,48), (46,42), (42,46), (44,38), (38,44), (48,42), (42,48), (46,38), (38,46), (24,2), 
(2,24), (48,38), (38,48), (24,49), (49,24), (46,34), (34,46), (48,36), (36,48), (48,34), (34,48), 
(44,24), (24,44), (48,30), (30,48), (48,28), (28,48), (38,51), (51,38), (48,24), (24,48), (48,16), 
(16,48), (48,10), (10,48), (48,2), (2,48), (48,49), (49,48). 

Suppose that we fixed the obtained uniform linear system of equation. Recall that our aim 
is to show that all values Zij, as^t, bs,t, Cs,t are equal to zero. 

Consider the first condition. It implies 04,1 = (pos. (42, 42)); ai,i = (pos. (48, 48)); 03,1 = 
(pos. (38,38)); 02,1 = (pos. (39,39)). Therefore, Ti,T2,T3,T4 do not entry to this condition. 
Later, ci,i = (pos. (3,9)); 62,1 = (pos. (3,51)); C2,i = (pos. (46,44)); 63,1 = (pos. (5,51)); 
C3,i = O'(pos. (6,51)); 64,1 = (pos. (7,51)); 04,1 = (pos. (8,51)); 65,1 = (pos. (44,48)); 
C5,i = (pos. (10,51)); 66,1 = (pos. (3,6)); ce,i = (pos. (46,42)); 67,1 = (pos. (13,51)); 
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C7,i = (pos. (14,51)); bs,i = (pos. (42,48)); Cs,i = (pos. (16,52)); 69,1 = (pos. (17,51)); 
cg 1 = (pos. (46, 38)); 610 1 = (pos. (19, 51)); feu 1 = (pos. (38, 48)); Cn 1 = (pos. (22, 51)); 
ci2,i = (pos. (24,51)); 613,1 = (pos. (25,51)); Ci3,i = (pos. (46,34)); 614',! = (pos. (27,52)); 
ci4,i = (pos. (28, 51)); 615,1 = (pos. (34, 48)); Ci5,i = (pos. (30, 51)); bie,i = (pos. (31, 52)); 
ci6,i = (pos. (46,28)); 617,1 = (pos. (33,51)); Ci7,i = (pos. (34,51)); hs,i = (pos. (20,44)); 
ci8,i = (pos. (36,52)); 619,1 = (pos. (37,51)); Ci9,i = (pos. (38,51)); 620,1 = (pos. (39,51)); 
C2o!i = (pos. (40, 51)); 62^ = (pos. (41, 52)); C2i,'i = (pos. (42, 52)); 622'! = (pos. (43, 51)); 
C22,i = (pos. (44,51)); 623,1 = (pos. (3,44)); 024,1 = (pos. (10,43)). 

Consequently the right side of the condition contains only Xai2, ^024 > ^-aw: -^-0235 the 
condition itself is simplified, many elements of Z are equal to zero. Firstly, these are ele- 
ments on the positions i = 2,3,5,6,7,8,10,11,13,14, 16,17,19,22,24, 25,27,28,30,31, 
33,36,37,38, 39,40,41,42, 43, 44, 45, 48, 50, 51, 52, j = 1,4,9,12,15, 18,20,21,23, 26,29,32, 
35,46,47,49 (except zqi^ = Cio,i, ^5,12 = 612,1, 2:7,29 = Cio,i, ^8,26 = ^12,1, ^24,49 = ~Cio,i, 

^28,35 = C23,i, ^27,32 = 624,1, ^33,26 = ~^24,1; 2:34,29 = — C23,i, 2:37,18 = 624,1, 2:33,21 = C23,i, 
^38,18 = Cio,l, 2:39,47 = — Cio,l, 2:39,20 = 624,1, 2:40,23 = C23,l, 2:41,12 = —624,1, 2:42,15 = — C23,l, 
^43,4 = 624,1, 2:44,9 = C23,l, 2:45,49 = —624,1). 

When we make these elements equal to zero, we see that 612,1 = (pos. (19,2)), cio,i = 
(pos. (44,36), 624,1 = (pos. (45,2)), 023,1 = (pos. (48,2), i.e., the condition now looks as 
Xa^{l)Z = Zxaii^)- -By similar way finally all our conditions become of the form x±ap{l)Z = 
Zx±ap{l), p = 1,...,4. Since the centralizer of the given eight matrices consists of scalar 
matrices, and the matrix Z has a zero element 252,52, we have that Z = 0, what we need. 

Theorem [2] is proved. □ 

From Theorems 1 and 2 directly follows the main theorem of the paper: 

Theorem 3. Let G{R) be a Chevalley group with root system F4, where R is a local ring 
with 1/2. Then every automorphism of G{R) is standard, i. e., it is a composition of ring and 
inner automorphisms. 
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